A solution to the normalized Ricci flow is called non-singular if it exists for all time with uniformly bounded sectional curvature. By using the techniques developed by the present authors [14, 26] , we study the existence or non-existence of non-singular solutions of the normalized Ricci flow on 4−manifolds with non-trivial fundamental group and the relation with the smooth structures. For example, we prove that, for any finite cyclic group Z d , where d > 1, there exists a compact topological 4−manifold X with fundamental group Z d , which admits at least one smooth structure for which non-singular solutions of the normalized Ricci flow exist, but also admits infinitely many distinct smooth structures for which no non-singular solution of the normalized Ricci flow exists.
Introduction
The normalized Ricci flow on a closed oriented Riemannian manifold X of dimension n ≥ 3 is the following evolution equation:
where Ric g is the Ricci curvature of the evolving Riemannian metric g, s g denotes the scalar curvature of g and dµ g is the volume measure with respect to g. Recall that an one-parameter family of metrics {g(t)}, where t ∈ [0, T ) for some 0 < T ≤ ∞, is called a solution to the normalized Ricci flow if it satisfies the above equation for all x ∈ X and t ∈ [0, T ). A solution {g(t)} on a time interval [0, T ) is said to be maximal if it can not be extended past time T . Let us recall the following definition, which was first introduced and studied by Hamilton [13, 6] : |Rm g(t) | < ∞.
Hamilton [13] classified non-singular solutions to the normalized Ricci flow on 3−manifolds. Though there are many results on the non-singular solutions in higher dimensions n ≥ 4 (cf. [6] ), the existence or non-existence of non-singular solutions to the normalized Ricci flow is still mysterious in general. In this article, we would like to study the case of n = 4. One of special properties in dimension 4 is the existence of exotic smooth structures (cf. [7, 10] ). By using Seiberg-Witten monopole equations [31] , the first author [14] pointed out that the existence or non-existence of non-singular solutions to the normalized Ricci flow on 4−manifolds depends on the choice of smooth structure. However, all known results were for the simply connected case. The main purpose of this article is to explore the case of non-simply connected 4−manifolds by using the techniques developed by the present authors [14, 26] .
To state our main results precisely, let us briefly recall the definition of the Yamabe invariant of any closed oriented Riemannian manifold X of dimension n ≥ 3. By the affirmative solution of the Yamabe problem [32] , which is due to Trudinger, Aubin, and Schoen [1, 24, 28] , every conformal class on any smooth compact manifold contains a Riemannian metric of constant scalar curvature. . This is called Yamabe constant of the conformal class [g]. Kobayashi [16] and Schoen [25] independently introduced the following invariant of X:
where C is the set of all conformal classes on X. This invariant is called Yamabe invariant of X. It was pointed out in [14] that for any closed oriented smooth 4−manifold X with Y(X) < 0, the existence of the non-singular solution of the normalized Ricci flow on X forces the following topological constraint on the Euler characteristic χ(X) and signature τ (X) of X: 2χ(X) > 3|τ (X)|.
In this article, let us call this the strict generalized Hitchin-Thorpe Inequality. Under these notations, the first main result of the present article can be stated as follows: 
5. X i and Z i,j are not diffeomorphic, but they become diffeomorphic after taking the connected sum with one copy of CP 2 .
One of the ingredients needed in the proof of Theorem A is an existence theorem of complex surfaces of general type with finite cyclic fundamental group, which was proved by the second author [26] .
For suitable infinitely many integers n, m, on connected sums nCP 2 #mCP 2 , it was pointed out in [14] that there are infinitely many distinct smooth structure for which no non-singular solutions to the normalized Ricci flow exists. In particular, such smooth structures have negative Yamabe invariants. On the other hand, for the standard smooth structure on nCP 2 #mCP 2 , the Yamabe invariant must be positive. In this case, a general obstruction like 2χ > 3|τ | to the existence of non-singular solution to the normalized Ricci flow is still unknown. Hence, in the case of Y > 0, the situation is quite different from the case of Y < 0. In what follows we endow our manifolds with symmetries induced by a group action and we study the equivariant situation. We have the following definition Definition 2. Let G be a group acting smoothly ρ : G X on the closed smooth 4−manifold X. Let {g(t)}, t ∈ [0, T ), 0 < T ≤ ∞ be a solution of the normalized Ricci flow on X. We shall say that {g(t)} is a G−equivariant solution of the Ricci flow if the metric g(t) is G-invariant for all t ∈ [0, T ).
We study the special case when G is a finite group acting freely on X. In this situation, it is sufficient to stat with a G−invariant initial metric g 0 . The second main result of this article can be stated as follows: 
Moreover, on X there is no non-singular Z d −equivariant solution to the normalized Ricci flow, for any of the above Z d −actions.
As the quotient manifolds are smooth and have the same topological invariants, they are homeomorphic according to Theorem 7. The actions of Z d are distinct in the sense that the quotient manifolds have distinct smooth structures.
We also prove related results on non-existence of non-singular solutions to the normalized Ricci flow in Section 5 below. 
Notice that any non-singular solution is quasi-non-singular, but the converse is not true in general.
By using the Seiberg-Witten monopole equations, the following obstruction to the existence of quasi-non-singular solutions of the normalized Ricci flow on 4−manifolds was proved: In what follows, we refine this theorem, see Theorem 4 below. To prove our result we need to recall the following Lemma 2 ( [8, 14] ). Let X be a closed oriented Riemannian n-manifold and assume that there is a long time solution {g(t)}, t ∈ [0, ∞), to the normalized Ricci flow. Assume moreover that the solution satisfies |s g(t) | ≤ C and
where the constants C and c are independent of both x ∈ X and time t ∈ [0, ∞). Then, the trace-free part
In particular, when m → ∞,
This lemma first appeared as Lemma 3.1 in [8] for n = 4 and unit volume solutions. However, it is not hard to see that the same result still holds without such assumptions [14] . Notice also that Lemma 2 tells us that any quasi-nonsingular solution to the normalized Ricci flow satisfying (2) must satisfy (3) .
By using Lemma 2, Seiberg-Witten monopole equations and the estimates of the Yamabe invariant, we can prove 
holds when m → +∞.
For completeness we sketch the main steps of the proof. Under the assumptions in the proposition, we are able to prove that the Yamabe invariant of the connected sum M := X#N satisfies the following bound ( [14] ):
On the other hand, it was also showed in [14] that any solution to the normalized Ricci flow on any closed 4−manifold Z with negative Yamabe invariant must satisfyŝ
This bound and (5) tell us that any quasi-non-singular solution to the normalized Ricci flow on the connected sum M := X#N must satisfy the bound (2). This observation and Lemma 2 imply Proposition 3.
We are now in the position to prove a slight refinement of Theorem 1. Notice that the bound (6) below is slightly stronger than the bound (1). 
Theorem 4. Let X be a closed almost-complex 4−manifold with
b + (X) ≥ 2
. Assume that X has a non-trivial integer valued Seiberg-Witten invariant
SW X (Γ X ) = 0,12b 1 (N ) + 3b − (N ) ≥ 2χ(X) + 3τ (X).(6)
In particular, under this condition, there does not exist a non-singular solution to the normalized Ricci flow.
Proof. It is known [8, 14] that the existence of a quasi-non-singular solution to the normalized Ricci flow on a 4−manifold Y satisfying (2) forces the bound
Since we assume that 2χ(X)+3τ (X) ≤ 0, this bound forces 4b 1 (N )+b − (N ) = 0. However, this contradicts 4b 1 (N ) + b − (N ) = 0. Hence, we showed Case 1. In what follows, we prove the second statement. It is shown in [14] that any Riemannian metric g on the connected sum M := X#N satisfies the following bound:
where W + g , s g are the self-dual Weyl curvature and the scalar curvature of g. Moreover, the equality holds if and only if the metric g is a Kähler-Einstein metric with negative scalar curvature. Now, suppose moreover that N is not an integral homology 4-sphere whose fundamental group has no non-trivial finite quotient. Then the equality cannot occur in (7) . We shall prove this as follows. As was already mentioned above, notice that the equality case in (7) forces the metric g to be a Kähler-Einstein metric with negative scalar curvature. In particular, this forces the connected sum M := X#N to be a minimal Kähler surface [1, 33] . On the other hand, Theorem 5.4 in [17] tells us that, if a minimal Kähler surface with b + > 1 admits the connected sum decomposition X#N , then N must be an integral homology 4−sphere whose fundamental group has no non-trivial finite quotient. Therefore, we can conclude that the equality cannot occur in (7). Hence we have the following strict inequality which holds for any Riemannian metric g on M :
Now, suppose that there is a quasi-non-singular solution {g(t)} to the normalized Ricci flow on M . Then, we have the following Gauss-Bonnet like formula:
On the other hand, notice that Proposition 3 tells us that the quasi-non-singular solution {g(t)} must satisfy (4) . By the formula (9) and (4), we have the following
This and the bound (8) imply that
Since we have 2χ
Namely,
By contraposition, we are able to obtain the desired result.
As a corollary of Theorem 4, we get 
Suppose that
2χ(X) + 3τ (X) > 0. If k ≥ 1 3 2χ(X) + 3τ (X) ,
then, there are no quasi-non-singular solutions to the normalized Ricci flow on M . In particular, there is no non-singular solution.
Notice that Ue [29] constructs, for any d > 1, a spin rational homology 4−sphere with π(
We use Corollary 5 to prove Theorems A and B in Section 4 below.
In the case when the manifolds decompose as connected sum of manifolds with b + > 0, the first author has a different type of obstructions In contrast with the simply connected manifolds, there are three w 2 -types that can be exhibited: (I) w 2 ( M ) = 0, (II) w 2 (M ) = 0, and (III) w 2 ( M ) = 0, but w 2 (M ) = 0, where M is the universal cover of M.
Using Donaldson's and Minkowski-Hasse's classification of the intersection form we can reformulate this theorem on an easier form:
Equivalently: A smooth, closed, oriented 4-manifold with finite cyclic fundamental group and indefinite intersection form is classified up to homeomorphism by the fundamental group, the numbers b ± , the parity of the intersection form and the w 2 -type.
Although not any group can be exhibited as the fundamental group of a complex surface, in the case of finite cyclic groups there are constructions which yield such complex manifolds. Starting from iterated cyclic covers of CP We call the manifolds satisfying the above diffeomorphism conditions almost completely decomposable. We use χ h to denote the Todd genus or the holomorphic Euler characteristic. This is a topological invariant and it can be computed in terms of the other topological invariants as χ h = 1 4 (χ + τ ). As the topological invariants of the manifolds constructed increase rapidly, we assume that X i are ordered such that χ h (X i ) is an increasing sequence.
The ampleness of the canonical line bundle is necessary for the first Chern class to be definite c 1 (X i ) < 0. In this situation, a result of Cao [5, 6] proves the existence of non-singular solutions to the normalized Ricci flow. We recall the following version of Cao's result which appears in [6] . Notice that, in case where c 1 (M ) = 0 or c 1 (M ) < 0, the solution is actually non-singular in the sense of Definition 1. See also [6] .
Theorem 9 ([5, 6]). Let M be a compact Kähler manifold with definite first

Proofs of Theorems A and B
To be able to give the proofs of the main theorems we need one more ingredient, which is the abundance of symplectic 4−manifolds with nice given properties. A suitable construction due to Braungardt and Kotschick [4] The smooth structures constructed in the above proposition are distinguished by the Seiberg-Witten basic classes. We are now ready to give the proofs of the main theorems:
Proof of Theorem A. Let d ≥ 2 be an arbitrary integer. Proposition 8 provides us with an infinite family of manifolds {X i } with fundamental group π 1 (X i ) = Z d , all of which admit non-singular solutions to the normalized Ricci flow by Theorem 9. Moreover, as they are complex surfaces of general type, their Yamabe invariant Y(X i ) < 0, by a result of LeBrun [19] .
By Proposition 10 there exists an integer n 0 > 0 such that any integer lattice point (x, y) in the first quadrant, satisfying x > n 0 , y ≤ 8.5x is represented by infinitely many minimal symplectic manifolds with the required properties. As the numerical invariants of the sequence {X i } are increasing, we can assume that all these manifolds satisfy χ h (X i ) > n 0 . Hence, for any x i = χ h (X i ), Proposition 10 tells us that there exist infinitely many homeomorphic, nondiffeomorphic minimal symplectic manifolds 
As Z i,j is of w 2 −type I, Theorem 7 tells us that X i and Z i,j are all homeomorphic. The manifolds Z i,j are non-diffeomorphic as their Seiberg-Witten basic classes [18] remain distinct after taking the connected sum with CP 2 and Y d . None of them is diffeomorphic to X i as none of them has no non-singular solutions to the normalized Ricci flow, as we see next.
The number of CP 2 's, k i , can be estimated to be
Hence, by Corollary 5, there are no non-singular solutions to the normalized Ricci flow on any of the Z i,j . The manifolds Z i,j are not symplectic manifolds, but nevertheless they have non-trivial Seiberg-Witten invariant [18] , so they must have Y(Z i,j ) < 0 (cf. [19, 14] ). The universal cover of Z i,j is diffeomorphic to the connected sum
But Z ′ i,j has the property that after taking the connected sum with one CP 2 , it decomposes as connected sums of CP 2 's and CP 2 's. Hence the universal cover of Z i,j is diffeomorphic to nCP 2 #mCP 2 for appropriate n and m. The universal cover of X i is a complex manifold of general type, and it is not going to be diffeomorphic to connected sums of CP 2 's and CP 2 's. But after taking the connected sum with one CP 2 it is going to decompose, by the construction in Proposition 8.
The ideas used in the above proof can be employed to give us results on equivariant solutions of the normalized Ricci flow on manifolds of the form aCP 2 #bCP 2 with the canonical smooth structure. They complement the results of the first author [14] on exotic smooth structures.
Proof of Theorem B. Let δ > 0 be a small positive number and let ǫ = 3 2 δ. Proposition 10 tells us that for this ǫ there exists an c(ǫ) such that to any integer lattice point (x, y) satisfying:
we can associate infinitely many homeomorphic, non-diffeomorphic, simplyconnected, almost completely decomposable, minimal symplectic manifolds which have topological invariants (χ h , c Or equivalently:
Then [ Let:
The manifolds X i remain homeomorphic to each other, and using the formula for the Seiberg-Witten basic classes of the connected sum [18] we can immediately see that any two manifolds are not diffeomorphic. Their universal cover X i is diffeomorphic to
and as M i are almost completely decomposable, this implies that all X i are diffeomorphic to X = (2m−1)CP 2 #(10m−n−1)CP 2 , i.e. χ+τ 4 (X) = m, (2χ + 3τ )(X) = n. We can use Corollary 5 to conclude that the manifolds X i don't admit nonsingular solutions of the normalized Ricci flow. This immediately implies the non-existence of the Z d invariant solutions of the normalized Ricci flow for any of the infinitely many Z d group actions, corresponding to the fundamental group action on the universal covers X i = X.
For simplicity, we state the theorem for finite cyclic groups, but the results are also true for any finite groups acting freely on the 3−dimensional sphere, or for direct sums of the above groups. Of course the divisibility condition needs to be changed according to the order of the given group.
Unfortunately, requiring that a metric g is Z d −invariant is a strong condition.
Proof. Let G and g as in the statement of the proposition. Let π : X n,m →X := X n,m /G be the natural projection, whereX is the smooth 4−manifold obtained by taking the quotient of X n,m under the free action of G. As g is G−invariant, we have an induced metricĝ = π * g onX. ButX is one of the manifolds X i constructed in the previous proof, hence it has non-trivial Seiberg-Witten invariant. This implies [19] that Y(X) < 0 and of course Y [ĝ] < 0. The solution of the Yamabe problem tells us that there exists a metric g ′ ∈ [ĝ] with negative constant scalar curvature s g ′ ≡ ct < 0.
Then π * (g ′ ) is a metric of negative constant scalar curvature on X n,m in the conformal class of g. So we can conclude that
We would like to remark that the constant c(ǫ) is a large positive number and increases rapidly. As far as the authors know, one of the examples with the smallest topology for which the methods in the above theorem can be used is the following: (8) . Then [26] , N is a simply connected, almost completely decomposable, surface of general type and its numerical invariants are: c 2 (N ) = 46, c By Corollary 5, the manifold M = N #CP 2 #Y 2 does not admit non-singular solutions to the normalized Ricci flow. Let M be the universal cover of M . Then we have the following diffeomorphisms:
As M does not admit any non-singular solutions to the normalized Ricci flow, this implies that the same is true for σ−equivariant solutions on M .
Related results
As there are no homeomorphism criteria for an arbitrary fundamental group, we can not generalized Theorem A to other fundamental groups. But we can prove non-existence theorems for a large class of fundamental groups. Proof. The proof is again based on the obstruction given in Corollary 5. For constructing our examples we employ Gompf's techniques [11] and use symplectic connected sum along symplectic sub-manifolds with trivial normal bundle. We need some standard blocks of symplectic manifolds.
The first block we denote by X G and it is the spin symplectic 4−manifolds constructed by Gompf (see [11] Theorem 6.2.). X G has fundamental group G, c 2 1 (X G ) = 0 and contains, as a symplectic submanifold, a 2−torus of selfintersection 0.
The second block, denoted by E(n), is the family of simply connected proper elliptic complex surfaces, with no multiple fibers and Euler characteristic c 2 (E(n)) = 12n. A generic fiber is a symplectic torus of self-intersection 0 and it is a known fact that its complement is simply connected.
The third block is one of the symplectic manifolds constructed by Braungardt and Kotschick, which has χ h (X) = m. These manifolds are obtained as symplectic sums of simple symplectic manifolds along Riemann surfaces with trivial normal bundles. For example, one of of these manifolds, S 1,1 (example 2 in [4] ), has such a symplectic sub-manifold of genus 2. Hence the manifold X has a sympletic sub-manifold which is a Riemann surface of genus 2 and has trivial canonical line bundle, which we denote by R.
The fourth block has a linking role. It is E(4) with a special symplectic structure. This manifold has an important feature [11, proof of Theorem 6.2]: it contains a torus and a genus 2 Riemann surface as disjoint symplectic submanifolds. We denote them by T and F respectively. Both T and F have self-intersection zero and their complement E(4) \ (F ∪ T ) is simply connected.
We are now ready to construct our symplectic manifolds. Let:
where # T 2 's are the symplectic sums along tori of self-intersection zero and # Σ2 's are fiber sums along Riemann surfaces of genus 2, represented by F ⊂ E(4) and a copy of R ⊂ X. The last operation is simply a connected sum where [11] that the numerical invariants of a manifold obtained from symplectic sumation along a Riemann surface Σ can be computed as
Hence the numerical invariants of N are c
The fundamental group of Z can be easily computed by Seifert-Van Kampen Theorem to be G.
To obtain distinct differential structures on Z, we take logarithmic transformations of different multiplicities of the same parity along a generic fiber of E(2). Then by the gluing formula for the Seiberg-Witten invariants [21] (Cor 15,20) the manifolds have different Seiberg-Witten invariants. Hence we have constructed infinitely many non-diffeomorphic manifolds. We denote them by Z i .
These manifolds are all homeomorphic. To show this, we can first do the logarithmic transformations on E(2), this yields homeomorphic manifolds. By taking the fiber sum along a generic fiber with the remaining terms we obtain homeomorphic manifolds.
Corollary 5 implies that there are no non-singular solutions of the normalized Ricci flow on any Z i .
The last thing that we need to verify is to find the possible pairs (c 
where c ′ (
As the manifolds X constructed in Proposition 10 fill in the region 0 < n < (9 − ǫ)m − c(ǫ), we can find a corresponding region for the the topological invariants of Z. Hence for any δ = For the first block we start with X G , the spin symplectic 4−manifolds constructed by Gompf. Taking the symplectic connected sum with the elliptic surface E(2n) along arbitrary fibers ({pt} × T 2 ∼ = F 0 ⊂ E(2n)) we obtain a new symplectic, spin manifold which we denote by N G (n). As the complement of the generic fiber F 0 ⊂ E(2n) is simply connected, the manifold N G (n) satisfies the following: π 1 (N G (n)) = G, and its topological invariants can be computed to be c 2 1 (N G (n)) = 0, c 2 (N G (n)) = 24k + 24n. Since G is finite, b 1 (N G (n)) = 0, and b + (N G (n)) = 4(k + n) − 1 ≡ 3 mod 4. The second block is obtained from E(2) by performing a logarithmic transformation of order 2n + 1 on one non-singular elliptic fiber. We denote the new manifolds by T n . All T n are simply connected spin manifolds with b + = 3 and b − = 19, hence they are all homeomorphic. Moreover, T n are Kähler manifolds and c 1 (T n ) = 2nf , where f is the multiple fiber introduced by the logarithmic transformation. Hence ±2nf is a basic class, and its Seiberg-Witten invariant is ±1.
The third block is a "small" spin manifold X 0 that was used by Gompf [11] in the proof of Theorem 6.2 (see also the explicit construction in the proof of after taking the connected sum with one copy of S 2 × S 2 . Hence, for d > n 0 , the manifold M j 1,n is diffeomorphic to d(4K3#7(S 2 × S 2 ))#d(K3)#d(nK3#(n − 1)(S 2 ×S 2 ))#(d−1)(S 2 ×S 2 ) i.e. to d(n+5)K3#(d(n+7)−1)(S 2 ×S 2 ) = X 1,n . Notice that the diffeomorphism type of the universal cover does not depend on j. Hence on X 1,n we have constructed infinitely many non-equivalent, free actions of Z d , such that there is no non-singular Z d −equivariant solution of the normalized Ricci flow. But all M 1,n satisfy the strict generalized Hitchin-Thorpe Inequality.
Redoing the same arguments for the second example M j 2,n , gives us the results for the second family of manifolds.
Remark The obstruction and the results in this paper are on manifolds with b + ≥ 2. A generalization of this obstructions for b + = 1 will be the subject of a new paper [15] , which is currently in preparation.
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